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1. INTRODUCTION
















The sum s(h, k) plays an important role in the transformation theory of the
Dedekind ’ function; see the Chapter 3 of [1].
J. B. Conrey, E. Fransen, R. Klein and C. Scott [2] studied the mean
value of Dedekind sums and proved the following two propositions.
Proposition 1. Suppose that m is a given positive integer and p is any









+O(( p95+ p2m&1+1(m+1)) log3 p).
They remarked that with more work the better error term
O( p2m&1+12m log3 p) can be obtained.
Proposition 2. Suppose that m is a given positive integer and k is any





s2m (h, k)= fm (k) \ k12+
2m
+O((k95+k2m&1+1(m+1)) log3 k),
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Walum [5] established an interesting relation between Dedekind sums
and L-functions. He showed











In the spirit of [5] and [2], Wenpeng Zhang [6] used an estimate for
character sums to prove
Proposition 4. Suppose that p is any sufficiently large prime number











} k2+O \k exp \ 3 log klog log k++ ,
where the constant implied in the O-symbol is absolute.
In this paper, we improve the error terms in Propositions 1 and 2. We
shall prove the following two theorems.
Theorem 1. For every given positive integer m2 and any sufficiently





s2m (h, k)= fm (k) \ k12+
2m
+O(k2m&1), (1)














1 fm (k)<<1. (3)
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s2 (h, k)= f1 (k) \ k12+
2
+O(k32 log2 k), (4)











1 f1 (k)<<1. (6)
2. SOME PRELIMINARY LEMMAS
For completeness we recall some results from [2].








This is the famous reciprocity law for the Dedekind sums; see Theorem 3.7
of [1].





|s(a, q)|<<q log2 q.
This is Lemma 6 of [2].
Lemma 3. Suppose that a, b, c, d, h and k are positive integers with
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Then







This is Lemma 7 of [2], which is based on Eq. (26) of [3].
Lemma 4. Suppose that q, h and k are positive integers with 1hk
and (h, k)=1. Suppose that 0aq with (a, q)=1. Let z=qh&ak and




+O( |s(a, q)|+|z| ).
Proof. This is Lemma 8 of [2] with a slight modification. For com-
pleteness we give a proof. We discuss in two cases.
I. z<0.




















































The hypothesis (h, k)=1 implies ( f, &z)=1. By Lemma 3,







Since 1|z| kq we have qk. The estimate of Lemma 4 now follows.
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If a=1, we let d=1 and b=0. Then z=qh&k, f =h. Applying Lemma
1 directly, we obtain again the identity (7).
If a=0, then q=1. Hence, z=h>0, which contradicts the assumption
z<0.
II. z>0.
Assume first q2. We can find positive integers b and d such that
ad&bq=&1, 1d<q.
















































so that again f >0.
The assumption (h, k)=1 implies ( f, z)=1. By Lemma 3,







Applying Lemma 1 to s(q, a) and s(k, h) respectively, we have





















The fact 1|z| kq implies qk. Then the assertion of Lemma 4 follows.
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If q=1 and a=1, then z=h&k0, which contradicts our assumption
z>0.
If q=1 and a=0, we let d=1 and b=1, so that z=h, f=k&h. Apply-
ing Lemma 1 directly, we again obtain (8).
The proof of Lemma 4 is complete.
Lemma 5. For any given real number : and any P>1, there exists a





This is a well-known result; see Theorem 36 of Hardy and Wright [4].
3. PROOF OF THEOREM 1
In this section, we suppose that m2, a sufficiently large integer k are























Thus the intervals I(a, q) are pairwise disjoint.
If 1hk and (h, k)=1, then by Lemma 5, hk falls into an interval
I(a, q) with 1qP, 0aq and (a, q)=1.











If hk does not fall into any interval I(a, q) with 1qQ, 0aq and
(a, q)=1, then hk necessarily falls into an interval I(a, q) with Q<qP,


















Thus, by Lemma 2,
:
*




|s(h, k)|<<km+12 log2 k, (11)
where the asterisk indicates summation over those integers h, 1hk,
(h, k)=1 for which hk does not fall into any interval I(a, q) with 1qQ,














hk # I(a, q)
*
s2m (h, k)+O(k2m&1), (12)





+O( |s(a, q)|+|z| ). (13)
Using the estimate
(A+B+C)2m=A2m+O( |A|2m&1 ( |B|+|C| ))+O(B2m+C2m),
we obtain
s2m (h, k)=\ k12qz+
2m
+O \\ kq |z|+
2m&1
( |s(a, q)|+|z| )+
+O(s2m (a, q)+z2m).










hk # I(a, q)
*






















hk # I(a, q)
* \ kq |z|+
2m&1









hk # I(a, q)
*
(s2m (a, q)+z2m).
Note that for the fixed a, q, k and z, the equation z=qh&ak has at most



















































































It remains to obtain an asymptotic formula for 01 . Note that hk  I(a, q)






























































































































































































































































































































































Thus the estimate (1) holds.


























Thus the estimate (3) holds.
The identity (2) for fm (k) follows as in [2]. Thus the proof of Theorem
1 is complete.
4. PROOF OF THEOREM 2













hk # I(a, q)
*
s2 (h, k)+O(k32 log2 k), (22)
where the asterisk means that 1hk, (h, k)=1.















hk # I(a, q)
*










hk # I(a, q)









hk # I(a, q)
*










hk # I(a, q)





|s(h, k)|<<k32 log2 k. (25)























hk # I(a, q)









hk # I(a, q)
* \ kq |z|+ |z|.
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q + } q log2 k

































<<k32 log k. (28)










































+O(k32 log2 k). (30)

















































































where we have used the fact that &bk1 runs over a complete residue system

























s2 (h, k)= f1 (k) \ k12+
2
+O(k32 log2 k), (32)



















Thus the estimate (4) holds.
It is easy to see f1 (k)1. Let (k, q)=d. Then k=k1 d, q=q1 d and
































































Thus the estimate (6) holds.
The discussion in [2] yields the formula (5). This completes the proof of
Theorem 2.
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